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REGULARITY ESTIMATES OF SOLUTIONS TO COMPLEX 
MONGE-AMPERE EQUATIONS ON HERMITIAN MANIFOLDS 

XI ZHANG AND XIANGWEN ZHANG 



Abstract. In this paper, we obtain tlie Bedford- Taylor interior C^ estimate 
and local Calabi C^ estimate for the solutions to complex Monge-Ampere 
equations on Hermitian manifolds. 



^ ■ 1. Introduction 

(-^ ' The complex Monge-Ampere equation is one of the most important partial dif- 

r^ . ferential equations in complex geometry. The proof of the Calabi conjecture given 

"t^ I by S.T. Yau [19] in 1976 yields significant applications of the Monge-Ampere equa- 

tion in Kahler geometry. After that, many important geometric results, especially 
in Kahler geometry, were obtained by studying this equation. It is natural and also 
interesting to study the complex Monge-Ampere equations in a more general form 
and in different geometric settings. 
1^^ . There are many modifications and generalizations in the existing literature. In 

p^ ' [18] , Tosatti-Weinkove-Yau gave a partial affirmative answer to a conjecture of Don- 

\^ . aldson in symplectic geometry by solving (under additional curvature assumption) 

CNJ ' the complex Monge-Ampere equation in an almost Kahler geometric setting. By 

r~^, , studying a more general form of the Monge-Ampere equation on non-Kahler mani- 

l^ ' folds, Fu and Yau |8] gave a solution to the Strongminger system which is motived 

^D . by superstring theory. Another direction worth studying is the corresponding equa- 

tion on Hermitian manifolds. In such a case the equation is not so geometric, since 
Hermitian metrics do not represent positive cohomology classes. On the other hand 
the estimates for Hermitian manifolds are more complicated than the Kahler case 
because of the non- vanishing torsion. 
C^ ' In the eighties and nineties, some results regarding the Monge-Ampere equation 

in the Hermitian setting were obtained by Cherrier [3], [4] and Hanani JLO^. For 
next few years there was no activity on the subject until very recently, when the 
results were rediscovered and generalized by Guan-Li [5]. Under additional con- 
ditions they generalized the a priori estimates due to Yau [19] from the Kahler 
case and got some existence results for the solution of the complex Monge-Ampere 
equation. At the same time, Zhang [20] independently proved similar a priori esti- 
mates in the Hermitian setting and he also considered a general form of the complex 
Hessian equation. Later, Tosatti-Weinkove [TB], [T7] gave a more delicate a priori 
C^-estimate and removed the conditions in [^. Moreover, Dinew-Kolodziej [S] also 
studied the equation in the weak sense and obtained the L°° estimates via suitably 
constructed pluripotential theory. In this paper, we want to study some other reg- 
ularity properties of the complex Monge-Ampere equation on Hermitian manifolds: 
the Bedford- Taylor interior C^-estimate and Calabi C'^-estimate. 
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The interior estimate for second order derivatives is an important and difficult 
topic in tfie study of complex Monge- Ampere equation. It has many fundamental 
applications in complex geometric problems. In the cornerstone work of Bedford 
and Taylor |lj , by using the transitivity of the automorphism group of the unit ball 
B C C", they obtained the interior C^-estimate for the following Dirichlet problem: 

idet{u,j) = / in B, 
]u = (pon 9B, 

where (f> £ C^^HdM) and < /- G C^^^M). 

Unfortunately for generic domains 51 C C", due to the non-transitivity of the 
automorphism group of fl, Bedford and Taylor's method is not applicable and the 
analogous estimate is still open. Here, we exploit the method of Bedford- Taylor to 
study the interior estimate for the Dirichlet problem of the complex Monge- Ampere 
equation in the unit ball in the Hermitian setting (notice that for local arguments 
the shape of the domain is immaterial and hence it suffices to consider balls). We 
consider the following equation 

f (w + y/^ddu)" = /w" in B, 

where < /" G C^'^(B) and w is a smooth positive (l,l)-form (not necessarily 
closed ) defined on B. We denote PSH{uj, il) be the set of all intcgrable, upper 
semicontinuous functions satisfying (cj + ^/—Iddu) > in the current sense on the 
domain 51. Since lo is not necessarily Kahler, there are no local potentials for w, 
and thus Bedford- Taylor's method can not be applied directly in our case. 

Theorem 1. Let B be the unit ball on C" and u he a smooth positive (1, l)-form 
(not necessary closed) on B. Let u € C(B) n PSH{lu, B) solve the Dirichlet problem 
(QJ) with (J3 S C^'^[dW). Then u S C^'^iM), and for arbitrary compact subset B' CC 
B, there exists a constant C dependent only on lo and dist{B',dM} such that 

||"||ci-i(S') < C'||0||ci.i(aB) +C||/~||ci-i(B)- 

Remark 1. Observe that this estimate is scale and translation invariant i.e. the 
same constant will work if we consider the Dirichlet problem in any ball with arbi- 
trary radius (and suitably rescaled set B' ). 

As we have already mentioned, another goal of this paper is to get a local version 
of the C'^-estimate of the complex Monge- Ampere equation on Hermitian manifolds. 
The Calabi's C^-estimate for the real Monge- Ampere equation was first proved by 
Calabi himself in [2]. After that many mathematicians paid a lot of attention to 
this estimate. In Yau's celebrated work [19] about the Calabi conjecture, he gave 
a detailed proof of the C^-estimate for the complex Monge- Ampere equation on 
Kahler manifolds, which was generalized to the Hermitian case by Cherrier [3]. 

All these C'^-estimates are global. However, in some situations, a local C^- 
estimate is needed. For example Riebesehl and Schulz [13] gave a local version 
of Calabi's estimate in order to study the Liouville property of Monge- Ampere 
equations on C". In a recent work by Dinew and the authors [7], aimed to study 
the C'^" regularity of solutions to complex Monge- Ampere equation, the local result 
in [IS] also played an important role to get the optimal value of a. Thus, it is also 
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natural to generalize this local estimate to Hermitian manifolds and find some 
interesting applications. 

Let {M, g) be a Hermitian manifold. We consider the following complex Monge- 
Ampere equation 

(2) (cj + V^ddcj^r = e^^", 

where < f{z) E C°°{M) and to is the Hermitian form associated with the metric 
g- 

Theorem 2. Let 4>{z) G PSH{uj, M) n C'^{M) he a solution of the Monge-Ampere 
equation ^, satisfying 

(3) Mu, + ISa^U < K. 

Let n' CC 51 C M. Then the third derivatives of 4>{z) of mixed type can he estimated 
in the form 

|V<,59</)U <C forze n', 
where C is a constant depending on K, \du!\i^, \R\lj, \'^R\lj, \T\lj, {VTl^, dist{fl\ dfl) 
and IV/lt^ , s = 0,1,2,3. Here V is the Chern connection with respect to the 
Hermitian metric lo, T and R are the torsion tensor and curvature form ofV. 

From the detailed proof in Yau's paper [19] (see also [H]), in the Kahler case, 
we know that the quantity considered by Calabi 

S = gi'~g^''~g"^^cbf„^(b,,i 
satisfies the following elliptic inequality: 

(4) AS>-CiS~C2. 

Here is a smooth solution of the equation ^, g denotes the Hermitian metric 
with respect to the form w^ = w + ^/—Iddcj), (t)fj^. denotes the covariant derivative 
with respect to the Chern connection V. Riebesehl and Schulz 'T5| used the above 
elliptic inequality to get the L^ estimate for S. Then, a standard theorem for linear 
elliptic equations gave the L°° estimate. For the Hermitian case, due to the non- 
vanishing torsion term, the estimates are more complicated. In '3 , Cherrier proved 
the elliptic inequality corresponding to Q on Hermitian manifolds: 

(5) AS'>-Ci5i-C2, 

where A is the canonical Laplacian with respect to the Hermitian metric g (i.e. 
A/ = 25*^/jj), positive constants Ci and C2 depend on K, \R\ui, |Vi?|cj, \T\un |Vr|cj, 
and|V^/|c. ,5 = 0,1,2,3. 

By a similar method to that in [T^, we obtain the L^ estimate for 5, and then 
use Moser iteration to get the L°° estimate. 

The estimates obtained in this paper should be useful for the study of problems 
on Hermitian manifolds. As a simple application, following the lines of [7], one has 
the following corollary: 

Corollary 1. Let Q he a domain in C" and u he a Hermitian form defined on fl. 
Let <p{z) G PSH{uj,fl) nC^'^{Q,) be a solution of the Monge-Ampere equation 

(a; + y^aa^)" = e-^w". 

Suppose that f is strictly positive and f G C"{Q) for some < a < 1. Then 
^GC2'"(f7). 
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The paper is organized as follows. In section 2, we prove the interior C^-estimate 
for the complex Monge-Ampere equation. The proof for Calabi's C'^-estimate is 
given in section 3. In the appendix, we give a new proof of ([S]) which follows the 
idea in Phong-Sesum-Sturm |13j . where the authors gave a simpler proof of Calabi's 
estimate on Kahler manifolds. 



2. Proof of the interior estimates 

In the proof of interior C^-estimates, the comparison theorem will play the key 
role. Following the same idea as in [5], it's easy to see that the comparison theorem 
is still true for the complex Monge-Ampere equation on Hermitian manifold (M, lj). 

Lemma 1. Let fl C M be a bounded set and u,v d C^(0,), with uj + \/—lddu > 0, 
u! + ^/—Iddv > Q be such that 

and 

V < u on dQ, 
then V < u in Q. 

Proof of Theorem 1: 

As mentioned above, we will follow the idea of Bedford and Taylor from [1] . For 
a e B", let Ta e Aut(B") be defined by 

1 — a z 



where T{a) = j^^ ~ v{a)I and v{a) = y/l ~ |ap. 

Note that Ta{a) — 0,T^a = T^^^, and Ta{z) is holomorphic in z, and a smooth 
function in a e -B". For any a G -6(0, 1 — ry) = {a : |a| < 1 — ry} set 

L{a,h,z) = T^lfja{z) 

and 

U{a, h, z) = L*u{z), U{a, —h, z) — L2u{z), 

<^{a,h,z)^ Ll(j){z), ^{a,~h,z)^ L*2(j){z), for z G 9B". 

where L* means the pull-back of L, for i — 1,2 and Li — L{a, h, z), L2 — L{a,—h,z). 
Since U(a,h,z) = $(a,/i,z) for z e 95", it follows that U S C^'^{B{G,l - rj) x 
B{0,ri) X dB"). Consequently, for a suitable constant Ki, depending on r/ > 0, we 
have 

(6) l{U{a, h, z) + L/(a, -h, z)) - Xi|/i|2 < [/(a, 0, z) = 0(z) 

for all \a\ < l — ri,\h\ < ^rj, and z G dB". If it can be shown that v{a, h, z) satisfies 

(7) {lj + ^/^^^vY > fiz)io", 
where 

(8) via, h,z) = ^ [f/(a, h, z) + U{a, -h, z)] - Ki\h\^ + i^ad^l' - l)|/j|', 



REGULARITY ESTIMATES OF SOLUTIONS TO COMPLEX MONGE-AMPERE EQUATIONS ON HERMITIAN MANIFOLDS 



then it follows from the comparison theorem in the Hermitian case that v{a, h, z) < 
u(z). Thus, if we set a — z, we conclude that 

l-[u{z + h) + u{z - h)] < u{z) + {Ki + K2)\h\^ 



which would prove the theorem. 
Let now 



(9) 



F{uj- 



-Iddv) 



{io + ^/^ddvy- 



{y/^y"'dz'^ A dzi A • • • A dz" A dz''' 



detig. 



where g^j is the local expression of w under the standard coordinate {zi}^^^ in 
By the concavity of F, we have 



(10|^(a; 



Iddv) 



F\uj 
F 



-{ddLlu + ddL*^u + 2K2\h\^dd\z\^) 



a< 



u - LIlo) + -{u - L^uj) + K2\h\^ ^f^dd\zY 



1 



[L\u- 



-IddLlu) + -{Lluj 



lddL*2u) 
~ddLlu) 
+ -f({uj - Lluj) + {uj- Lluj) + 2K2\h\^V^dd\z\^ 



> -F{Llu: 



-lddL\u) + -F{L*2Lo 



Since the Hermitian metric uj is smooth, one can find K2 large enough, such that 

(11) (a; - Lluj) + (a; - L*w) + K2\h\^ ^/^dd\z\'^ > 0. 

On the other hand, since L{a, h, z) is holomorphic in z, it follows from the equation 
^ that 



(12) F{Lluj + ^f^ddLlu) 



F{LI{lu + y/^ddu)) 

Lt(w + V^5(9u)" 
{^/^y'dz^ A dzi A • • • A dz" A dz^' 

^i(/(^V") 

- {y/^ydz^ A dzi A • • • A dz" A dz"^' 

= F{Ll{f^^))^Ll{f-^)F{L\{u)). 

Similarly, we can get 

F{L*2UJ + V^ddLlu) = F{L*2{f^uj)) = L*2U-)F{L*2{uj)). 

Thus, 

F[Lo + V^ddv) > \(F[L\[f-^u^))+F{Ll[f^u)))+\F{K2\h\^^^dd\z\^) 



(13) 



Fif^u:) + \ (F{Ll{f-^u)) + FiLlif^u)) - 2F{f^oj)) 



--FiK2\h\^V^dd\z\ 
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Again, since uj is smooth and /^/" e C^'^, choosing K2 large enough, we have 

(14) F(LJ(/^c.)) + FiLUf^^uj)) - 2F{fiu) < FiK2\hfV^dd\z\'). 
FinaUy, we obtain 

(15) F{uj + V^ddv) > F{f^uj), 
and thus, the inequality (O follows. 



3. Proof of the Calabi estimate 

Let (Af , J, uj) be a Hermitian manifold and V denote the Chern connection with 
respect to the metric to. Let locally ui = ^/ — Ig.fjdz^ A dz^ , then the local formula 
for the connection 1-form reads 9 — dg ■ g^^ . We also denote 

e.^d^g-g-\ el^^^^g^-^. 
The torsion tensor of V is defined by 



V dz°' dzP 
Notice that T = <;=^ lo is Kahler (and V is the Levi-Civita connection on M). 

The curvature form of V is defined hy R = dd = d9 — 9 A 9 = d{dg ■ g~^). In 
local coordinates, we have 

RJ _ _Q/Q n.a-^V - -qJfc ^^^'fc + ^ 3s^ tk 
^.a/3- m0^9 9 )^- 9 d^aQ^fl + Q^^9 g-p 9 , 

Rfja^ = 9k]Riap- 

Note that i?(^'") = i?(°''^) = and r(i'i) = 0, since the almost complex structure J 
is integrable and V is the Chern connection. 

Proof of Theorem 2: 

By the assumption ([3| for the solution of equation ([2]) , we know that 

-t9 i£ 94> i£ ^9 for some constant A, 
A 

where A depends only on K and ||/||co, and g^ denotes the Hermitian metric with 

respect to the form u^f, = oj + ^/—ldd<j). Thus, 

(16) s = i9^yHg^yH9<i,r'^fkm^,si < x{g^y'{9^y^9"'Ufkm<i^,,i. 

On the other hand, we have 

where we used the equation ^ in the last equality above. Thus 

(17) 5<A[5f5"Vnr-A/ 
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Notice that g'l g"^^4'jkmi — ^§4, {9"^^^ f^ m{^/~-^dd<l))) is a globally defined quantity. 
Therefore we can estimate for every sufficiently large exponents p, a, and every 
nonnegative test function rj{z) E CQ(n): 



(18) / S^V^'^'— < A / 5--ir;P+Mgf g-V.fc^r- A/] — . 

Jn n\ J^ V J n\ 

Now, using the following identity: 



^jkml 



^]klm + 4>skRjml - 4>jiRl^i 



rm 



.R: 



^jlmk -r Vsl^^jmk ^ Vsk^->-jml ~ 'l^jiRlmk ~ 4>3kRkml 
— '^mljk + C*:, 

where Ci is a constant depending on K and \R\u- Therefore, we have 



UJ 



n 



(19) / S^V'^'-T < K S'^-^+^gl^g^^cl^^if,— 



UJ 



IT— 1 p+1 jk ml 

UJ'- 

n\ 



o 



5"-^r,P+i(Ci-A/)^) 



o 



o 



n 



where C2 is a constant depending on Ci and A/. 

Now, using integration by parts, it is easy to see that 



_ /J 

S^-'v^+'gi'{A^hk^ 



UJ 
Ik f 



e-/5-^^+i5f(A0),,^ 
n '^ ' nl 

(n- 1) 

(n-1) 



n-l 

± 

-1)! 



^^d{e-fS''-^riP+^) A 9(A0) A -^— r 
in [n - 1)! 

=: /-//. 



Next, we will estimate / and //. First, 
(20) / = 



o (n-l)! 



,n-2 



/^e--^5--S^+'a(A0) A duj^ A , ^ ^,, . 
o (n-2)! 
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By the equivalence of two forms to and to^ (i.e., the assumption ([3]) on 0), we know 



uT'' - ujT'' 



(21) 9(A0) A duj^ A "^ = a(A0) A dw A 



(n-2)! ' ^' {n-2)\ 



< C,\diA^)\gJdOj\g^ — 



1 w" 
< C45^ — , 

71 ! 

where C4 is a constant depending on |dw|g, H/Hc" ^'^d -R' (for the justification of the 
last inequality we refer to the formula of S given in the appendix). This estimate 
yields 

(22) I <C5 [ S""-^P+i^ 

Jn nl 

for some constant C5 dependent on lo, ||/||co ^-nd K. 
Let us now estimate the second term: 

(23) // = / V^d(e-^)5"-iry^+i A 5(A0) A " 



P n — 1 

+ (a - 1) / V^e-fS^-^T^P+^dS A d{l\(j)) A '^^ 



o ("-!)! 



+ (p+l) / V^e-^5'"-iry''dr/Aa(A0)A-^ 



o.r^ 



n ("-1)! 



+ (p+l) /5-^P|V77|^' 



where Cg is a constant depending on ||/||ci(w) and K. 

By the estimates (P^. (1^^ and using Cauchy's inequality 

(a- 1)77^+15^-5 |V5| < I^_lL^p+i5--3|v5|2^g^P+i5- 

we have, for e > small enough, 

(24) / 5V+'^ < C7f(a-1)2 / 5^-3|y^|2^p+l^^ / ga-l^p+l^ 

Jn n\ \ 7o "' Jo "■! 

+ (p+l) / S'^-hf\Vr^\^ + / ^--^r^i^), 
Jo "' Jo nl I 

where C7 is a constant depending on |(ia;|t^, \R\i^^K^ |j/||ci(w) and A/. 

Now we are in the place to use the elliptic inequality ([5]) in the introduction. 
Recall that 

(25) A^5>-CS'^-Co. 

Multiplying by S'^^'^rj^^^ on both sides of the above inequality and integrating over 
ri, we have 

(26) - C / 5^-^P+i^ - Co / 5^-2r;P+i^ < / ^-^-^r^P+^A^^^. 

Jo «' Jo "' Jo nl 
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The right hand side of above inequahty can be estimated as follows 

n 

n] 



e 



-^S^-^V^+^x/^ddSA '^ 



u:T^ 



n ("-!)! 



71 — 1 /. n — 1 



^^e-fS^-^-qP+^BS AdujA "^ - ^/^ / d{e-f)S''-^7jP+^ AdSA 



n in -2)1 ' Jn ' ' ' {n - l)\ 

((7-2) / V^e-fS'^-'^riP+^dSAdSA , ^ ,, 



{n-1) 

-(p+1) / ^f^e-f S'^-'^r^Pdri AdS A ^^-— 
Jn (n-1)! 

< -Cfi{(T - 2) / S-^-Sj^P+llVS-p^ + Cg / S""-2^P+l|y5| 

Jn n\ Jn 



+Cq{p+1) / 5--V|V7?||V5| — . 
Jo »^! 

From this, we obtain, 



(27) {a-2) f S'^-^rjP+^lVSl^'^ 

Jn nl 

< C\o(ip+l) f 5^-2ryP|V77||V5|^+ / S'^-'rjP+'\VS\-^ 
^ Jn nl Jn nl 



5-^p+i^+ / 5-v+i^). 



n n\ Jn n\ 

Now, by Cauchy's inequality again, 



These two inequalities, together with ((27)) and (|24| yield 
(28) / 5"r/P+i^ 

^Jo "■■ Jo "■■ 

+ / S'^-^P|Vry|^+ / 5-^277^+1^ / ^'^-177^-1 1 V7?p^ 
Jo ?i! Jo nl Jn r 

for p > 2,cr > 4. 

Now, let -B/io(z) CC ri be a bah, and let < i? < r < t < i?o, i?o - J? < 1- By 
choosing an appropriate testing function 77(2), with < 7; < 1,7/|b^ = li77|M/Bt = 



10 
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0, IV77I < j^, and puting p = cr — 1, we conclude that 



{s^r— 



< C- 



'"'*/., J «^<*">"" 



Bt{z) 



iBdz 

(29) +- {ST^y-^S"^ + (577)"-^^ + (577)^-^+ (5ry)-2,^2l 

t ~ r J n\ 

By Young's inequality 

a" 1 fe/^ ;l j^ 

ab<e \- -Ti — -, fore>0, - + - = 1. 



It follows that 
1 



t-r 
1 



cr-1 



-{Svr-'s < -^{{Sf^y-^ 



e 

(7 

cr-2 



CT-4 



(SvY 



CT-2 



cr-4 



-52 I \a= T,li = a- 



e^-^a \t -r 






cr-l' 
(7 



, , „ S* 1 ; a 
{t~rY J ' cr-2 



•^^f 



4 



All the above inequalities combined with ([2^ . lead to 



B,.(2) 






(30) / 5- < Ci:iB{eY 



1 



1 






< C 



13 






where i3(e) is a constant depending on e which comes from the coefficients in the 
Young's inequalities above. 

Now we can apply the Meyers' lemma: 

Lemma 2 (|12|'). If u — u{x) is a nonnegative, non- decreasing continuous function 
in the interval [0, d), which satisfies the functional inequality: 

c ( \ 1^" 

u(s) < ( u(r) J , for any < s < r < d, 

r — s \ I 

with a and c being constants (0 < a < 1), then 

2"+ic 



m(0) < 



.(2"-l)d/ 
Using pop and applying the Meyers' lemma with d = Rq—R, s = r—R and (f){s) 



i fr, / ^ 5'°'^ 1 " one can obtain 



H0)< 



C^B{e)R^ 
{Ro - RY ' 
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and thus 

{CRoY' 



(31) 



5-- 

BnXz) "! 



< 



(i?o - R)'- 



:B{e). 



From this, we obtain the L^ estimate of S for arbitrary p. However, by tracking 
the constant -B(e), one can find that B{e) ^ a^. Thus, we cannot get the estimate 
for supfj S by letting a — > oo. We should instead use the standard Moser iteration 
to finish the L°° estimate for S. 



Recall that by inequality (1271) we have 

(a -2) /^-V+'IV^P^ 



< Cw[{p+l) / 5"-'ryP|Vr;||V5|— + / S"-^r]P+^\^ S\ 



S-hrjP+''^+ / 5-V+'^ 



n'- Jn 



Coupling this with Young inequalities 



5"^-2^P+i|y5| < e|V5pS""-3^P+i + i-77P+iS"^-\ 



{p+l)S''-^'nP\Wj]\\WS\ < e\WS\^S''-'^rf+ 



1 {p+ll„. 



4e 



77^-^5""--^ I VS*!^ 



have 



(32)(a-2) / S"^-3^P+i|V5p 



J^ a ~2 o- - 2 

Let now g = cr — 1 > 2, and p = 1, then one obtains 



(33) / 5«-"77^|V5| 



In 

< Ci5 



ii 



1 



/n(g-i)- 

By the Sobolev inequality 



s'lvvl' 



1 5V + ^5'+^2+l 59-1^2^^ 



(9-1) 



q-1 



q-l 



(/^ „*-)*, c(/jv„r9%c(/^ 



applied to w = rjS^ , we conclude that 



n n\ 



(34) 



(,^52)'"-i — 
n] 









S'|V,|^ . 



9n2 



5«-2,^2|y^|2^^5_^|^ r ^2^, 



^UJ \ 2 
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Using the inequality ([33|). we have 



(35) 



(,^^')^^ 



< C 



^ <-^18 



^ (|V,7P5^ + V^S" + ^-^^'iVTyl^ 



(9-1) 



r5^^^ 



9-1 9-1 



n! 



for any g > 4. 

Again, let Bfi„{z) CC fi be a ball, and let < R < ri < r2 < Ro,Ro-R < ^- By 
choosing an appropriate testing function rj{z), with < 77 < 1, ijIb^ — 1, ^ylM/s^ — 



0, |Vr/| < ^ ^^ , we conclude that 



(36) 

< Ci9 

< 9C2o( 

< qC2ii 
Thus, 

(37) 



Br,{z) 



n! 



(< 



1 



r)(- 



1 



s.,(.)V' (g-l)2''(r2-r02 
1 



g- 1 



/ n! 



q-\ 



(r2 - ri)2 

1 
(r2 - ri)2 

l|5|l 



+ 1)/ (59 + 5«-i + 59+5)^ 



1) 






< 



Cg( 



1 



(?'2 -T-l) 



2+1) 'll^ll '1 

2 ^J " "l''+2(B,,2(z)) 



for any < i? < ri < r2 < Rq. 

Let ^^ = Qfc+i + i and r^^R^ (i?o - i?)2-^ Then, 

gfc= +^^— , and |rfc-rfe_i| ^(i?o-i?)2"'= 

Vm — 1/ 2 

By ([ST)) , we have 

1 



(38)II^IL...H(..,^^(.)) 



< 



< 



Cgfc(l 



'?feMc(i + 



(rfe+i - rfe)2 
1 



5)0 II Clio 



ll^ll 



where 01.:=-^ 



(i?o - K? 
By iteration, it follows from ([55| that 



dfc 



))"2f||5irt,,i 



(39) 



ll'^llL''fc + i + 3(S,^^^(z)) 






(Ro - Rf 



)f^ 



nti o. 



I|5|| 






Notice that a^ 



9fc- 



fe 



m Qfc-l 



SO 



n 



a,; = 



m \''qo gfc-i 
Qk 



m — iJ qi 



m \ '^ go 



m - 1 / gfc 
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and thus 

fe 771+1 

lim TT fli = go = — 7i — • 

i=\ 

Moreover, 



n'zr(^(i+(^^))^2ir=n,*(c(i 






When k — >■ cxo, it is easy to show that X^i^i — < co and X^i^i — < oo. Notice also 
that log(nSi 9»~) < oo- Thus, 

2—1 

It follows from (15^ . by letting fc — )- oo, 

(40) ii5iu.<cii5ii^t;i(,,„,»- 

Choosing now cr = qi + ^ = ^^|^ + ^ in ([ST]) , we finaUy obtain 

(41) ||^||l~<c, 

where C is a positive constant depending on iiT, |(iw|aj, |i?|cj, |Vi?|tj, \T\ui, |VT|(j,disi(ri', 9ri) 
and|VVU ,5 = 0,1,2,3. 



4. Appendix 

As mentioned in the introduction, using the idea from |13) , we give a new proof 
for the eUiptic inequality ([5|) in this section. 

Proof of the elliptic inequality ([5]): 

Let V and V denote the Chern connections corresponding to the Hermitian 
metircs w and uj + ^/—Iddcj) respectively. Define 

(42) h = g-g-' 

and 

In fact, h can be thought to be an endomorphism h : T^'^{M) — > T^'^{M), such 
thatg(A,y)=5(/i(A),y). 
Set 

(43) s = rr^r'ci>fk,n^,sh 

where </)j-fc„ = V,„V^Vj(/). 
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By (|42l), we have 

(44) 9 = d~g-~g-'^d{h-g)-g-'h-' 

= dh-g- g-^ ■ h-^ + h ■ dg ■ g'^ ■ h'^ 

= dh-h-^ + h-0-h-^ 

= dh-h-^ + h-0-h-^ -e-h-h-^ +9 

= 9 + {V^'°h)-h-\ 

(45) R = d9 = d{9 + {V^'°h)-h-^) 

By similar computation, we can get 

(46) 9 = dg-g-^ =9-h-^{V^'°h), 

(47) R^R-d{h-^ -{V^'^h)). 
Now, using the definitions, one can see that 

(t>fk,n = (Vrn.9)(5j,9fc) = gfk^m- 

Thus, 

(48) S = ~g=-^~g^H^-^f^^cj,,,J - |Vi^Og|?. 
On the other hand, 

Vm5 = Vm(/i • g) = Vm/i • g = ( o"^^ + h ■ 9m - 9m ■ h] ■ g, 

so 

d 



= ^n;:^ + h-9m- 9m- h + h- {\/mh) ■ h^^ - \7mh 
= h- (Vmh) -h^^. 

Thus, 

Vto5 = Vmh ■ g = h~'^ ■ {Vmh) -h- g = h~^ ■ (V,„/i) • g. 
Finally we end up with the formula 
(49) S = \V'-°g\l^\h-'-{V'-%)\l = \9^9\j 

i.e. 5 can be thought as the g-norni of the difference between the two connection 
1-forms. 
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Now, we can deduce the elliptic inequality: 
(50) AS = A|/i-i-(Vi'°/i)|? 






2 



+ |Vi^°(/i~^ • (Vi^°/i))|2 + |V°'i(/^-i • (Vi'°/i))| 
Using the relation R = R — d{h^^ ■ (V^^'^/i)), we have 

(51) ~g^V^V-,{h-' ■ {V't'h))l = ~g'^V..{Rl,^ - iJLj)- 

Recall the Bianchi identities of curvature forms which can be found in [ll)(p. 
135): 

(52) Y.^R{X, Y)Z) = Y, T{T{X, Y),Z) + {V xT){Y, Z); 

(53) ^{Vxi?(y,z) + i?(T(xr),z)} = o, 

where X^Y.Z E TM and T is the torsion of the connection V (recall that V is 
not necessarily the Levi-Civita connection), while ^ denotes the cyclic sum with 
respect to X,Y,Z . 

By the first Bianchi identity ((5^ . one obtains 

i?(a„ 9j)9„ + i?(aj, a„)a, + i?(9„, a)aj 
= f(T{d,,d^),dm) + f (f (aj, a„,), a,) + f(T{^„^,^,),^v^ 

+(v,f)(9j,a„) + (Vjf )(a„„a,) + (v,„f)(a„aj). 

RecaU the fact that ^^,0 ^ ^0,2 ^ q^ j.1,1 ^ q i^^i^^q y jg ^i^g Chern connection) 
and f{d,n,di) e ri'"(M). Also 

f{d,,dj) = f{dj,d,n) = (v,f)(aj,a™) = (v™f)(a„aj) = o, 

Ridm,d,)dj = 0. 
Thus, 

i?(a, aj)9,„ + i?(aj, a„)a = (v,^f)(a™, a). 

By definition R(di,d^)dm — -R' -5; and w .. = — ^' ^., so we get 

(54) R^fj = Rim] + T^i.]- 

Similarly, one can also obtain 

(55) M.. ^M.T +fl, .. 

Moreover, by the second Bianchi identity (|53l) and following the same step as 
above we have 

RLti, + RU,t + RLu3 = ~R{nd^. d^),dj) - Rim, djh a) - R{f{dj,d.),d,) 
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and R^^^j = 0,f{dt,d-^) = f{dj,d,) = 0. Thus, 

(56) Rlmj,t = Kntj,t + '^uRLs-y 

Now, using the identities ([M)) . (f55|) and (|56|) . we obtain 

- 9 ^mkij,ty 9 ^ items'] 

= ifi{R^,nj^t + f:,^.3t9sk)f' - rnRLs^ 

- 9 ^jt7nk,t9 9 ^jk,mt9il9 +9 J-miJt 9 J^it^rnsj 
" 9 ^ijmk,t9 9 ^jk,m.t9il9 +9 J-miJt 9 ^it^msj 

- ^imk.,t9 9 ^-jk.mt9il9 +9 J-miJt 9 ^ it^msj 

From the Monge- Ampere equation ©, it fohows that 

(58) W T, = VtR' I. -Vtf^k- 

V -' imk,t '- imk i^Jmk 

In the foUowing, we denote e = 0(5*") if there is a constant C depending only on 
K, \dLu\^, \R\^, |Vi?|^, \T\^, \WT\^ and |V^/|<. , s = 0, 1, 2, 3, such that e < C5". 
Note that V is 0{Si), so 

(59) RLk,tf'^0{S^) + 0{l). 
For the second term in dS 



(60)?|,,„, - {{dj9nk-dk9nj)r') 



{Tjkn9"''')mt — ^ t^ mTjj.ng'^'' 
Vt{V„iT-fk^ - {0,n - Om)nT-fklW 



~{6t ~ 6t)\VniT-j^i - {9m ~ 0,n)ni^tT-jki - {6t - dt)tT]ks)) 9"" ■ 

Again, by the fact that V is 0{S^) and \h^^ ■ (V^^°/i)|g is also 0{S^), we have 

(61) l5%,™,ff.rff'1 < 0(5^) + 0{S) + C\V'-'ih~' ■ (Vi^O/i))| + 0(1). 
Similarly, we can get the estimate for the last two terms in ((57)) 

(62) W'fj^^jtl < 0{S'^) + 0{S) + C\V'-\h-'-iV'-%))\ + Oil), 

(63) r^^f;ii?Ljl < c\v'>'Hh-'-iv'-"h))\ + oii). 

Put the above estimates (I57l)-(l63l) into (EH), we can conclude that 



(64) \g^^V.V-Ah~'-iVl'°h))l 



3^ 

1,0/1-1 /v7l,0^.^M , /-"ivyOJ/j-l /vvl.Oi 



< 0(55) + o(5) + C|Vi'"(/z-i • (Vi'"/i))| + C\V>'\h-^ ■ (Vi'"/i))|. 
One the other hand, 
g'^V^Ah-' ■ (V^'°/i)) = g'^V,Vi{h-' ■ {V''%)) i~9'^RL-M{h-' ■ (.V''"h)) 
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where 



tij 



g^{h-^ ■ {^\-\Y^R[^, h-^ ■ {^l^'htM, h-^ ■ (V^°/^)ii?^.} 





dz* 


(i)dz"^® 


a 

dz 


and 










f' 


Km] 


= f' 


inij 


Thus 











Vg'^RU] < o{s'^) + o{i). 

Hence we conclude that 

(65) \f=VjV,ih-'-iV'''>h))\ 

< If'^^^jih-' ■ (Vi'°M)| + lif'RLjmh-' ■ (Vi'°M)| 

< OiS^) + 0{S) + C|Vi'°(/i-i • {V^'°h))\ + C\V°'\h'^ ■ (Vi'°/i))|. 
Finahy, by ([50)1 and (|M)). (|55|) . wc obtain the elhptic inequahty: 

(66) AS > -CiS^ - C2 

where Ci, C2 are positive constants depending only on K, \duj\i^, \R\ui, |Vi?|aj, \T\ui, |VT|, 
and|V^/U ,s = 0,1,2,3. 
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